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Kemmer Algebras and.Rotation Groups 

E R i C  A. t ~  RID e 

MA'I~CIENGF_~ ~ L.,.stitate of M'atl~em~i~.~l .Teh~:.e& 

A bs~ta~ 

Some previous resul~ indicating a connection between the Kvnm~er formu/~t~or~ of 
memn ~ e o ~  and the group of rotations in six dimensions are generalised. A c~yr~ 
pvnd~.~e ~ n  the irreducible ~pr~entations of the Kemm~ algebra K~ and the 
skewsymrrr~.~Mc tewz.r r~v.,esentations of rotations in N +  i dimensions is established. 

t. Introduction 

Ix,~ },~ 0 ~  1, . . .  ~ be ~ five Dirzc  ~ a ~  ~atisfvi~r. 

7(.~',) = ~ . ,  ( L  ~) 

~ -  76 --~ andzu~e ~ I.a~..~ ~ ' ~  for  the sb~-fo|d ~ n d ~  ~hus 

~a -- (Y.,-O 
We define " 

"Z, = 6 ' , ,  i )  

which is analogous to the concept  o l "qua te rn ion  eoajugation" in the Paul~ 
algebra.  Define the sets o f  matrices 

1, 7A, 7AB = ~[A~BI, }'.4BC ----- 7[ABTC] . . . . .  ~4-~CD~;F ( I .2)  

"II~e matr ices  (1.2) are not  linearly independent. The  sets occur  in 'mutual ly  
duaF pai rs :  

7 1 ~  = rl6 
. . .  (1.3) 

"h~ = 06~.,.3 

and we also have all '- ~ - ~  " " " : - ~ -  t,,~ .... a tmns  that  f o , o ~  , ~ , ~  (1.3) by  pe rmuta t ion  o f  
the indices 1 2 . _  6 ~i th  a minus sign introduced fbr odd permutat ions.  Thus  
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t~ R a t  it contains ~(~)+= 10 Iir~early independent matrices. 
Furthet,  any matrix -Mth an even number o f  suffixes is contained in one 

t 
expresses -~  in terms OfT. , and ~'~c. 

Thus two alternaiJve Jinearly ~ndependent,sets occurring ~ (1_2) are 

(A) 7~t, ~t~c (6 + I0 -~ 16 mallices) 

(B) 1 , 7 ~  ( 1 +  15=  16 matrices) 

The malTices 7 ~ / 2  and %~/2 (where r],~ -_ ~t~7~) are easily shown to be 
ge~e~a~+rs of  two inequivalent irreducible representations S and S of  
ro~tio~.+s J~ ~:~ d~e~. ; ;o ,+ The eoe~cknts  of  a 4 x 4 matrix A expressed 
as a nnea+ ~ c~ m b m a a ~  ,,_ me ~ [A'~ transform like a vzctor and a rank 
3 self-dnal skewsymmemc tenso~ mAe ~ ~<a~ ........ ma. on law A ~ S A S -  
and the c~Ncients  e r a  matrix B e~pressed in term~ ~f (B) ~rans_~rm as a 
scalar and a rank ~ o  tensor under B --> S g T - L  

These ideas are easily generalisable to 2" x 2 '  matrices (rat& 2 ~ n o r s )  
in 2v + 2 = M dime~,~ions; we can asseNate vdth a zkewsymmetrJc tensor 
o f r a nk  k, (0,q.....~+, a rank ~-o  spinor 

�9 =~9.~ v..~t,. %~ t...+~, (At, A~. o._= I , . . . M )  (124) 

We discussed onqy the case v = 2 for the sake of  s~p lMty .  A more general 
treatment is given elsewhere (Lord, 1972). 

2. Generalised Kerr, vaer .Equations 

Let �9 be a rank two spa.nor in M-dimer+s~onai space, of  the form (1.4) 
(without 10ss ofgenera/~y we can take k < M/2) and'let p~, (A -= I , . . .  M) be 
a vector. Consider the covaria~t cquatioa 

p,~ ~ r = 0 (2.!) 
From 

we can obtain 

7~t 7~c = fa~c + 2~.~t~?'-c-~ (2.3) 



KF.Ng~F.,R AI~I~TaRa8 :~ND RO~ A TION G"RO'UPg I ~ 

(z4) 

It therefore follows timg if q~ corresponds to ~ tenso, wihh an even anmber 
of  suffix~, so lhat its ~ransformatien law is S ~ S  - j ,  the two eq.aaticm.; 

p , f , ~ = 0  and ~.p.v:--.-O ~) 

,~e equiivaIent to each other~ and to the tensor equations 

/ ~ .  q~,c. ~ = 0 ( 2 . 6 )  
P a  q~a~c... = 0 

Cff~'mi's% ~'~r of the. t~o~.  ~ M:2 the tensor will be self-dual and the 
two equations (2~6) wil! b~ the same eq~mt~c,n. 

g �9 cerr.~esponds to a ~ensor w~h an odd nemb-:r efiedices, its trausforma- 

P .  ~a ~ -= 6 and ~p~ 7a = 0 (Z7) 

~ i i  be eqNv;~deat *.o ~ h  o the~  arm to tensor eq~atior~ of  the form (2 6). 
Now equat~qfi (2.~ r ~ *:,Ntten .(by ran!tip,cation with 7~), 

Adding. 
P a  G~,a ~ +p~  ~ = 0 (2.9) 

where 6:~ .'~zc the infinitesima! generators for the representation ~ of the 
rotation ~oup .  That is, the Ga~ :are infinitesimal gene/ators of a comple*ely 
skewsNra~e.tric tensor ~epresentatien. Setting p~ = m and usir.g Greek 
indices for' the rar~ge * . o .  M- -1  and remembering that Zu =-- i  (2.9) 
bedo~ 

p ~ ,  �9 + #.n~ = 0 (2.10) 
wl~erg 

~, = iGm, (2. ! !) 

: . ~ - = ~ ( r , ~ -  ~ , )  = �89 | t - ~  | o:,D~' ~2.i2) 

Since �89 | ~ -- I | y~)= B~ satisfies the defining relations of the 
Kemmer algebra K..r 

B,, B~ B, + B,, B, B~ = ~o~ B, + a,~ B~ (2.13) 

t Ant exqeption c~r when the tensor has rank :L:2 :- 1, in which case the first equation 
(2.6) can be sgqit into two equations (fts se!f-'dua! and antisetf-dual paros). The pair of 
equations (2,5) (or (2.7)) are then distinct, and mus* both be pos~ula*.ed to obtain the 
wi,,Ne~ ~.r 



it ft~llows that (2.t~) is a K e m ~ , r  eq'-uafion. The irreducible set of matrices 
/~ ~ e r a t e  a,n irredum'Ne rep~esenta~:,on of  Ne  Kemrncr algebra A'~_v 

The ~-N~tians (2.7) can be treatex! fimJlarly. The o~nly change ir~ ~be 
argument Js l~hal ~,~ is replac~ by f.t~ in the s~ond  equation (XS). 
�9 Ttms we have establisbeda (I -- ]) cmrresponden~ between tile irredue.. 

ible representations of  the Kemmer "algebra K~r__~ and t1~e irredecible 
~eprt~,ea~.~a!ion~ oi- ~he roiaiion gre.up in ~ dimensions g~.,~n iXy compie~iy 
skews3rmme~rie iensors~ t f  ~a are fl~e matr/ce~ of an iixeduciNe represen~.z~ 
fio~ of.Ks, then i[3, and [ f l , ,~ l  a_re generato~ of  a skewsymmetric lenso~ 

: representation ofrotmion~ ir~ N +  ! dimenNons, 

T A B L E  1 

I (L 1) 
I 3 

i 4 ( 3 , 3 !  
5 t0 

�9 The Nth row in TaNe 1 gives ,:he dimensdonalities o f i r r e d u m ~  ~epw~sem~ 
tior~ of  KN (Kemmer~ t943). The bracketed pairs are the :associated" pairs 
ofinequivalent represeatations v~Sth the same dimensionaliD'. We can also 
regard the Nlh row as e list of  the dimensio~lkies of  ske'§ 
te~so~ in ( N +  l)spacc.  The assoc~aled pairs of  representations of  the 

�9 Kemmer algebra ce~espond to the decomposition of  a skewsymmetric 
tensor into seli~dual and antiself-dual parts when its rank ~s half the 
dimengionalit~, of  tl~e space. 

We have srxictly speaking demonstrated the result oa!y for even M. 
However, for the odd~d[mensional spaces (e~eo-d~mcn;onal K e m m e r  
,~!gebras) the result is easily extended by co:~sider!ng the decomposition of  
a rank k tensor under projection and the similar decomposition of represen- 
~ations of  Kemmer a lgebras-each number in Table I decomposes to the 
two eatries immediately above it. This generalises the study of equation 
(2.1) previously given for the case M =  6 (Lord, 197i). 

Note ~ a t  patting Pu  --- m, which reduced (2.9) to (2.10) gives the equa- 
tions in the fi3lioMng form when applied to (2.6): 

km~"*~ = P~* 2~'"~ I (2.14) 

= ~ 12.15) 
P,  Z~,,,.., = 0J - 

where k is the rank of the tensor, the Greek ~ndices are ( M -  D-fold and 
XJ,,p.,. = q~M,,~,...- Equations (2.15) ~ e j u s t  simple consequence-; of (2.14). 
Equations (2. t4) are the ones g/yen by Kemmer. When 2k = M the (2lf - i}  
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dimensierua~ tenmr ~ p . . ,  is *Re dua| of ~ , .  . . . .  or m~u, t~e d ~ {  of a:, ..... 
em~',g,~nding ~ whether ~.d,,c,_ is self-dua~ or ze, t i~ i f~aL,  and ~rres-~ 
ponding to the two associ~ed representations of  K,~--4o 

Re#tenets 

Kernmer, N. (1943). Proceed'~tg~ of ~,~e Cam~:d~ Ph~sop~ ~cb._-ty~ 3~, |~. 
Lord~ E. A. (1971). lnterr~tlonaIJo~ma!ofTheoreticatPtryS:c,~ 5, No~ 5. 339. 
lord ,  E. A. (!972).Z Math. Sci. AppL, 40, No. 2~ 509. 


