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Kemmer Algebras and. Rotation Groups
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Abstroci

Bome previous results indicating a connection between the Kemmer formulation of
meson theory and the group of rotations in six dimensions are generalised. A corres
pondence between the irreducible representations of the Kemmer algebra K and the
skewsymmetric fensor sopresentations of rotations in A + 1 dimensions is established.

t. Introduction
Loty (= 1,...5} be the five Divac mainices, satisfving
Pt = D
TeefieE 5= and use capital Latin indices for the gix-fold indices, thus
4= 0w )
Fi= Qi) ;

which is analogous to the concept of “quaternion conjugation’ in the Pauli
algebra. Define the sets of matrices

We dcﬁne

1,945 748 = P14782: V48c = Veas¥ep - - T4BCDEF (1.2)

The matrices £1.2) are not linearly independent. The sets eccur in ‘mutually
dual’ pairs:

Yizzgse =1
T12345 = e
cs (1.3

V12 = Hesa3
¥1 = Fesa3z
1 =1tyssa3m

and we also have all the relations that follow from (1.3) by permutation of
the indices 12 ... & with a minus sign introduced for odd permutations. Thus
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cach matrix of the sei yup. . with # suffizes is equal to 7 times one with An
suffizes, The set v .- s seildunls

#3235 > Yase {znd permutations}

so that it contains (5 = 10 linearly independent matriges.
Further, any matrix with an even number of suffixes is contained in one
of the two adjacent odd sets, and vice verss: e.g.

?ﬁ%fy#?ﬁ} (Y= 1
Voo = Yy G ee3)

EXPIESSES V,0p iN terms of 7,4 and Jape.
Thus twe alternative Jinearly independent sets occurring in {1.2) are

(A) YasYarc {6 +16=16 matrix‘:ea}
®) 1,745 €1+ 15=16 matrices)

The matrices y.,/2 and 7,45/2 (where $.p = Fr(7ey) are easily shown to be
generaiors of two inequivalent irreducible representations § and § of
Totations is six dimensions. The coefficients of a 4 x 4 matrix 4 expressed
as a inear combithion of ibe st (A) transform like a vector and a rank
3 seli~dual skewsymmetric tensor under the fransformation law 4 — 5451
and the coefBicients of o matrix B expressed in ferms of (B transform as a
scalar and a vapk two tensor under B> SBT%

These ideas are casily geveralisable to 37 x 2¥ matrices {rank 2 spinors)
in 2¥ + 2 = A dimepsions; we can assuciate with a skewsymmsiric tensoy
of tank k, @y, 4, & rank two spinor

Q “_-‘:;?i‘l::ff‘(t Yty . (A_i{ ‘42 e = 1’7‘ b M) {1 '4)

We discussed orly the case v= 2 for the sake of simplicity. A more general
treatment is given ¢isewhere (Lord, 1972).

2. Generalised Kemmer Equations
Let @ be a rank two spinor in M-dimsuvsionai space, of the form (1.4)
{without loss of generality wecantake L < M/2)andlet p (4= 1,... M) be
a vector. Consider the covariant equation Co

PaFa®=0 (2.1)
From ‘ s ‘
TFed7m = O4sl n 3
TeaTmy = 5mf ' @2
we can chtain
Fave=Tao+6un
Fa¥sc=Fasc + 2047y (2.3)

Fa¥8ep = Favcp + 3041570y

LR R
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_ang also
TsFe=Toa | Sua ]
Poc ¥ = Ymce + 29mdcre (2.4)
Focn Ta = Yoeoa + FacOpya

1t ilierefore follows that, if @ corresponds 1 a tensor with an even number
of suffixes, so that its transformation law is 3¢5, the two equations

PaFa®=0 and Pp,y,=0 2.3)

are equivalent to each othert and to the tensor equations

Pra@®se..1=0

Pi®anc. =0
Of vousse, i the vank of the tensor iz M72 the tensor will be self-dual and the
two equations (2.6) will be the same egoation,

¥ @correspondstua tensor withan odd number ofindices, its transforma-
tion law will be SBT~! and the two equation:

.6

PaFa®=0 and $p,,= @n

will be equivalent 10 sach othert and to tensor equations of the form 2.6}
Now equatioms (2.5 can he written (by multiplication with yg),

PaVsa@ +pp®=0

2 , - (2.8}
. PpaVap+Pe®=
Adding, '
VPA_ Ggéé'%'pgézo (2.9}
where (7, nre the infinitesimal generators for the representation € of the

rotation group. Thai is, the G 4 are infinitesimal generators of a completely
skewsyrometric tensor representation. Setting py, =m and usitg Greek
indices for the range ... 3 ~1 and remembering that ys = —i (2.9)
. besomes .

Pubu®+imd=0 (2.10)

where
Ba=1iGy, (.11
Bu® =30~ 9)=1(,01-1®7,1)® {212

Since 4y, ® 11 ® v,)= B, satisfies the defining relations of the
Kemmer algebra K,

B,B,B,+B,B,B,=5,8,+5, B, 213

1 Anexception cocurs when theteasor has rarz‘( A2 = 1,inwhich case the first eqx,a ion
(2. 6) can be split into iwo equations {its seif-dual and ant:self dual parts), The pair of
equations (2.5} {or (2.7)) are then distinct, and must both bs posiulated to obtain the
whole'of (2.6%

,.)
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it follows that {2.10) is & Kemmer simation. The wreducible set of matrices

£ gencrate an irreducible representation of the Kemmer aigebra Ky,
The equations (2.7} can be treated sinularly. The only change in the

grgument is that v, 18 replaced by 7.5 In the scoond equation (2.8).

. Thus we have established g (1 ~ 1} correspondence between the frredue-
ible representations of the Kemmer algebra X, ; and the prredpcible
represeniafions of the roiaiion gronp in 47 dimensions given by comnpletely
skewsymmetric tensors. If §, are the matrices of an irreducible representa-
tion of Ky, then if, and [§,.8,] are gencrators of & skewsymmetric tensor
representation of rotations in N+ 1 dimensions.

TABLE 1
1 an
1 3
i 4 (3.3)
3 5 10 ,
3 & - d £4010}

" The Nthrowin Table 1 gives the dimensionalities of irreducible represents-
tions of Ky {(Kemmer, 1943}, The bracketed pairs are the “associated’ pafrs
of inequivalent representations with the same dimensionality. We can also
regard the Ntk row as a2 list of the dimensionalities of skewsymmetric
tepsors in {W + i)»space. The associzied pairs of representations of the

- Keminer algebra correspond to the decomposition of a skewsymmetric
tensor into sel~dual and antiself-dual parts when its rank is half the
dimensionality of the space.

We have strictly speaking demonstrated the result only for even Af.
However, for the odd-dimensional spaces {sven-dimensional Kemmer
algebras) the result is easily extended by considering the decomposition of

arank /& teasorunder projection and the simiiar decomposition of represen-
tations of Kemmer algebras—each number in Table 1 decomposes to the
twe enides immediately-above it. This generalises the study of equation
{2.1) previously given for the case M =6 (Lord, 1971).

WNofe that puiting py = 1, which reduced (2.9} to (2.10) gives the cqua-
tions in the following form when applied to (2.6):

km?;w--- = Pre Xvp..3 } {2-!4)
Blap... ™ " PuPpua... )
PrpPup..1= 0l : e
215

Palove.. ™ 0} - ( )

where k is the rank of the tensor, the Greek indices are (3 — 1}4";:\}& and
Xuv... = Paarp...- EQuations {2.13) are just simple consequences of (2.14). -
Eguations (2.14) are the ones given by Kemmer. When 2k = Af the (M — 1)
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dimensional tensor @, is the dual of y,,. ., or minus the dual of 3,
corresponding to whether @ is self-dus! or antiseif-dual, and rorves-
ponding to the two associated representations of Ky .
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